We extend the constructions and results of Damian [5] to get topological obstructions to the existence of closed monotone Lagrangian embeddings into the cotangent bundle of a space which is the the total space of a fibration over the circle. * MSC classification: 57R17, 57R58, 57R70, 53D12.
3. any image of L f by a symplectic isotopy (as in 2 but with (ϕ t ) a symplectic isotopy); 4. the "local" Lagrangian submanifolds: any Lagrangian submanifold of C n can be embedded in a Darboux chart U ∼ → C n of T * M .
Note that the two first types of examples have the additional property of being exact (that is, the restriction of the Liouville one-form on the Lagrangian submanifold is exact). It is conjectured (see [1] ) that the examples (1) and (2) are the only possible examples of exact Lagrangian submanifolds in T * M and much work has been done to prove this conjecture. It has been proved for L = M = S 2 (Hind [9] ) but in general, we know only topological restrictions on the exact Lagrangian embeddings i : L → T * M of a closed manifold L. In the following, f : L → M denotes the composition π • i.
1. (Audin [2] ) If L and M are orientable, then χ(L) = deg(f ) 2 χ(M ) and the same is true modulo 4 if L and M are not orientable.
2. (Lalonde and Sikorav [10] ) The index [π 1 (M ) : f ⋆ (π 1 (L))] is finite.
3. (Viterbo [24] ) If M is simply connected, then L cannot be an Eilenberg-MacLane space.
4. (Fukaya, Seidel and Smith [8] , Nadler [14] , see also Buhovski [4] ) If M is simply connected and L is spin with zero Maslov class, then the projection f has degree ±1, and induces an isomorphism H ⋆ (L, K) ≃ H ⋆ (M, K) for any field K of characteristic not equal to 2.
5. (Ritter [21] ) If M is simply connected, then π ⋆ : H 2 (M ) → H 2 (L) is injective and the image of f ⋆ : π 2 (L) → π 2 (M ) has finite index.
6. (Damian [5] ) If M has dimension n ≥ 3 and is the total space of a fibration over S 1 , we have: a) For any finite presentation g 1 , g 2 , . . . , g p | r 1 , r 2 , . . . , r q of the fundamental group π 1 (L), p − q ≤ 1. b) The fundamental group π 1 (L) is not isomorphic to the free product G 1 * G 2 of two non-trivial groups.
The idea of the proof of Damian is the following. On the one hand, if M is the total space of a fibration p : M → S 1 over the circle, then one can use the pull-back α = p ⋆ dθ of the one-form dθ on S 1 to displace an exact Lagrangian submanifold L of T * M from itself by a symplectic isotopy (defined by ϕ t (q, p) = (q, p + tα)).
On the other hand, given a symplectic isotopy (ϕ t ), Damian has constructed a Floer-type complex C(L, ϕ t ) spanned by the intersection points of L and ϕ 1 (L), with coefficients in a Novikov ring associated to π 1 (L) and endowed with a differential which is an analogue in the Lagrangian Floer theory of the Morse-Novikov differential. The homology of this complex only depends on the flux [ϕ ⋆ 1 λ M − λ M ] = u of (ϕ t ). It is called the Floer-Novikov homology of L and denoted F H(L, u).
Damian has proved that this homology F H(L, u) is isomorphic to the Novikov homology H ⋆ (L, f ⋆ u) of L. The Novikov homology of L must then be trivial when ϕ t is the isotopy induced by α, that is when u = [α], and this gives the obstructions on the fundamental group of L.
Here we are interested in the more general case of monotone Lagrangian submanifolds of T * M . In the usual sense, a Lagrangian submanifold L is monotone (on the disks) if there exists a non-negative constant K L such that: for all u ∈ π 2 (T * M, L),
where µ L denotes the Maslov class of L in T * M . For instance, any local Lagrangian submanifold which is monotone in C n is also monotone in T * M (see Remark 1.2 (iii)).
We would like to know if there are also "global" monotone Lagrangian submanifolds in T * M . It is possible to get topological obstructions on the monotone Theorem 1.4. Let u be an element of H 1 (M ). Assume that the Lagrangian submanifold L is monotone on the loops, and of Maslov number N L ≥ 2. There exists a spectral sequence {E p,q r , d r } satisfying the following properties: (1) E p,q 0 = C p+q−pNL (L, f ⋆ u) ⊗ A pNL and d 0 = ∂ 0 ⊗ 1, where ∂ 0 is the Morse-Novikov differential;
(2) E p,q 1 = H p+q−pNL (L, f ⋆ u) ⊗ A pNL and Here A is the Λ f ⋆ u -module A = Λ f ⋆ u [T, T −1 ] of Laurent polynomials with coefficients in Λ f ⋆ u (see section 2) and τ i : A → A is the multiplication by T i . The degree of T is equal to N L and A pNL = Λ f ⋆ u T p .
In particular, when N L ≥ dim(M ) + 2, the spectral sequence above collapses at the first page and the Floer-Novikov homology is equal to the Novikov homology H(L, f ⋆ u).
Using the techniques of Damian, we prove: Theorem 1.5. Let M be a closed manifold which is the total space of a fibration p : M → S 1 on the circle. Let L be a Lagrangian submanifold of T * M which is monotone on the loops. Assume either that N L ≥ dim(M )+1 or (N L = dim(M ) and [π 1 (M ) : π 1 (L)] is finite). We have:
(i) If g 1 , g 2 , . . . , g p |r 1 , r 2 , . . . , r q is a finite presentation of π 1 (L), then p − q ≤ 1.
(ii) The fundamental group π 1 (L) is not isomorphic to a free product G 1 ⋆ G 2 of two non trivial groups.
This theorem will be proved in section 4.
Let L be a closed manifold and u ∈ H 1 (L, R). Denote by Λ the ring Z/2[π 1 (L)] and by Λ = Z/2[[π 1 (L)]] the group of formal series. Let Λ u be the completed ring of series
where u(g i ) → +∞ means here that for all A > 0, the set {g i | n i = 0 and u(g i ) < A} is finite.
Definition 2.1. Let C( L) be the free Λ-complex spanned by fixed lifts of the cells of a CW-decomposition of L to the universal cover L of L and
The homology of this complex C(L, u) is the Novikov homology H(L, u).
Definition 2.2 (Morse-Novikov homology)
. Let α be a closed generic oneform in the class of u ∈ H 1 (L, R) and ξ be the gradient of α with respect to some generic metric on L. For every critical point c of α, fix a lift c of c in the universal cover L. Let C(α, ξ) be the Λ u -complex spanned by the zeros of α and whose differential is such that if c and d are zeros of index difference equal to 1 then their incidence number is the algebraic number of flow lines that joins c to d and lifts to a path in L from g i c to d.
By generic, we mean here that α has Morse-type singularities and ξ satisfies the Morse-Smale condition. Theorem 2.3 (Novikov [15] , Latour [11] , see also Pazhitnov [19] ). For any generic pair (α, ξ), the homology of this complex is isomorphic to H(L, u). Remark 2.4. In these two descriptions of the Novikov homology, one could replace L by any integration coveringL of L (i.e. such that the pull-back of u is zero). We will use this in our comparison between the Floer-Novikov homology and the Novikov homology of L in Section 4.
Let us end this section by recalling results proved in [5] : Proposition 2.5 (Damian [5] , Sikorav [22] ). Let L be a closed manifold and u ∈ H 1 (L, R). a) Let g 1 , g 2 , ..., g p |r 1 , r 2 , ..., r q be a presentation of the fundamental group π 1 (L) which satisfies p − q ≥ 2. If u = 0, then H 1 (L, u) = 0. b) Suppose that π 1 (L) = G 1 * G 2 is a free product of two groups, none of them being trivial. If u = 0, then H 1 (L, u) = 0.
The Floer type complex
Let i : L ֒→ T * M be a Lagrangian embedding of a closed manifold L. Assume that the image of L in T * M is monotone on the loops. Let (ϕ t ) be a symplectic isotopy of T * M and denote by L t the image of L by (ϕ t ).
Remark 3.1. As they are the images of L by symplectomorphisms, the Lagrangian submanifolds L t are not necessarily monotone on the loops but they are monotone on the disks. We can therefore apply to them all the results concerning monotone (in the usual sense) Lagrangian submanifolds.
Let u ∈ H 1 (M ; R) denote the flux (or Calabi invariant) of (ϕ t ), that is the class:
Cal
. The results proved in Sections 3.1 to 3.5 are used in Section 3.5 to define a Λ u -complex C(L 0 ,L 1 ) spanned by the intersection points of L 0 = ϕ 0 (L) and L 1 = ϕ 1 (L). We prove in Section 3.6 that this complex depends only on L and u = Cal(ϕ t ). We then explain in Section 3.7 that these results can be used to define a free complex over the Novikov ring Λ f ⋆ u spanned by L ∩ ϕ 1 (L) whose homology only depend on L and u.
Preliminary results
Let us first notice that it is possible to restrict our symplectic isotopies to isotopies of the following type:
There exists a symplectic isotopy (ψ t ) on T * M such that ψ 1|L = ϕ 1|L which is spanned by α + dH t , where α is a closed one-form in u and H : T * M × [0, 1] → R has compact support.
Proof. As in the proof of [5, Lemma 3.2] (which does not use the exactness assumption on L), consider a family of one-forms α t on M in the class of ϕ ⋆ t λ M − λ M . Note that the composition of (ϕ t ) and of the symplectic isotopy spanned by −α t is a compactly supported Hamiltonian isotopy χ t . The isotopy (ψ t ) can then be defined as the composition of χ t with the symplectic isotopy spanned by α 1 .
We will also require in the construction and applications that the induced map f ⋆ : π 1 (L) → π 1 (M ) is surjective. It is enough to suppose that the index [π 1 (M ) : f ⋆ (π 1 (L))] is finite:
is not surjective, let M 1 be the covering of M induced by the subgroup f ⋆ (π 1 (L)) of π 1 (M ). The manifold L can be lifted as a Lagrangian submanifold of T * M 1 which is monotone on the loops (and which has the same Maslov class).
If [π 1 (M ) : f ⋆ (π 1 (L))] is finite, then M 1 is closed and the conclusion of Theorem 1.5 in T * M is then just a consequence of the same theorem for T * M 1 where the surjectivity condition is satisfied.
Although the index [π 1 (M ) : f ⋆ (π 1 (L))] is always finite in the exact case (Lalonde and Sikorav, [10, Theorem 1 a)]), this assumption is not always fulfilled in the monotone case. However, the index is necessarily finite for monotone Lagrangian submanifolds if the Maslov number of L is large enough: Proposition 3.4. Let L be a Lagrangian submanifold of T * M which is monotone (on the disks). If N L ≥ dim(M ) + 1, then the index of π 1 (L) in π 1 (M ) is finite.
Proof. If π 1 (L) → π 1 (M ) is not surjective, consider again the covering M 1 of M induced by the subgroup f ⋆ (π 1 (L)) of π 1 (M ) and the lift of L into T * M 1 .
If the covering group of M 1 → M is infinite, then M 1 is open and the Lagrangian submanifold L can be displaced from itself by a Hamiltonian isotopy (see [10, Proposition 1] ) so that the usual Floer homology HF (L, L) (with Z/2 coefficients) must be trivial. But if the Maslov number of L is greater than dim(M ) + 2, we know by Oh's theorem ([18, Theorem II (i)]) that this homology is isomorphic to the usual cohomology H ⋆ (L, Z/2) of L and this is in contradiction with the vanishing of HF (L, L).
If N L = dim(M ) + 1, then by [18, Theorem II (ii)],
and this also leads to a contradiction unless L is a Z/2-homology sphere. However, if L is a Z/2-homology sphere, then H 1 (L, R) = 0 and in particular L is exact so that we can directly apply the result of Lalonde and Sikorav to see that the index is finite.
Remark 3.5. We cannot expect to remove the assumption N L ≥ dim(M ) + 1 in Proposition 3.4. Indeed, Polterovich proved in [20] (see also Audin [2] for the construction) that for every two integer numbers 2 ≤ k ≤ n, there exists a compact manifold L n,k which admits a monotone Lagrangian embedding in C n (and consequently "local" monotone Lagrangian submanifolds in any cotangent bundle) with Maslov number equal to k such that:
Remark 3.6. Thanks to Remark 3.3 and Proposition 3.4, it is enough to prove Theorem 1.5 when the induced map
is surjective. From now on, we will always suppose that f ⋆ is surjective.
Thanks to the surjectivity assumption on f ⋆ , we can consider a connected covering of the Lagrangian submanifold L in the cotangent bundle of the universal cover of M : (ii) The coveringL → L corresponds to the covering of L associated with the subgroup K = ker(f ⋆ ) of π 1 (L).
(iii) The map ı :L → T * M is a monotone Lagrangian embedding and for all
The proof of this lemma uses only basic algebraic topology and can be found in the appendix. Lemma 3.8. Let (ϕ t ) be the symplectic isotopy generated by α + dH t . Then this isotopy lifts to a Hamiltonian isotopy
Proof. As in the proof of [5, Lemma 3.6], which does not involve any assumption on the exactness/monotonicity of L, we can define the isotopy ( ϕ t ) as the isotopy spanned by the pullback of α + dH t to T * M .
The action one-form
In this section, L is assumed to be a closed Lagrangian submanifold of T * M . It is also assumed that L is monotone on the loops and that f ⋆ : π 1 (L) → π 1 (M ) is surjective. Let (ϕ t ) be a symplectic isotopy as in Lemma 3.2. Denote by u ∈ H 1 (M ; R) its flux.
If L t = ϕ t (L), let Ω(L 0 , L 1 ) be the space of paths from L 0 to L 1 :
We define a one-form on Ω(L 0 , L 1 ) by:
The zeros of ν are the constant maps, that is, the intersection points of L 0 and L 1 . The integral of ν on a loop involves the one-form u, as in the exact case, but also the monotonicity constant k L of L:
denoting γ i = γ(S 1 × {i}) for i = 0, 1.
Proof. Considering the loop γ as a map γ :
Then, by the Stokes formula,
As ϕ ⋆ 1 λ M − λ M is a closed one-form in the cohomology class u = Cal(ϕ t ), the third term is equal to:
We now use the monotonicity of L to write:
since ϕ 1 is a symplectic isotopy. Proof. The formula (3) proves that γ ν depends only on the homotopy class of γ in Ω(L 0 , L 1 ).
Remark 3.11. We could also lift ν to Ω(L 0 ,L 1 ) (as in the exact case, see [5] ) but the one-form is not necessarily exact on this space. Nevertheless, we will be able to carry out the construction of the complex without needing a primitive of ν.
Alternative setting
We can also define a one-form on Ω(L, L). This setting will be useful in the proof of Hamiltonian invariance (Section 3.6). Let X α+dHt t be the symplectic dual of α + dH t , defined by ω M ( · , X α+dHt t ) = (α + dH t )(·). Denote by (ϕ t ) the isotopy spanned by X α+dHt t .
We can define a one-form ν on Ω(L, L) by:
The zeros of ν are the flow trajectories beginning on L (at time 0) and ending on L (at time 1).
If γ : S 1 → Ω(L, L) is a loop in Ω(L, L), we have as in Proposition 3.9:
Remark 3.12. Note that these two settings are equivalent: if ν − is the oneform defined on Ω(L 0 , ϕ −1 (L 0 )) with the symplectic isotopy (ϕ −1 t ), then the map Γ(z) = ϕ −1 t (z) is a 1 to 1 correspondence between Ω(L, L) and Ω(L 0 , ϕ −1 (L 0 )) and we have Γ ⋆ ν − = ν.
(The fact that the correspondence uses ϕ −1 t instead of ϕ t explains the difference of signs between the relations (3) and (4) on the one hand, and (5) and (6) on the other hand.)
The gradient
Let (J t ) be a family of almost complex structures on T * M that are compatible with ω M and (g t ) be the family of associated Riemannian metrics on T * M .
We consider the trajectories of the opposite of the gradient of the one-form ν with respect to the induced metric on Ω(L 0 , L 1 ). These are, as maps of two variables, solutions of the Cauchy-Riemann equation.
We define for a solution v of the Cauchy-Riemann equation its energy
Denote then by M(L 0 , L 1 ) the space of trajectories of finite energy:
In particular, if v ∈ M(L 0 , L 1 ), then as in Proposition 3.9:
Denote also for x, y ∈ L 0 ∩ L 1 :
From [6] and [16] , we have
M(x, y).
Let ( J t ) be a family of almost complex structures on T * M obtained by lifting the family (J t ) and let M(L 0 ,L 1 ), M( x, y), and M * ( x, y) be the spaces of solutions in T * M defined in a similar way as in T * M . Then these spaces also satisfy Theorem 3.13 and p maps M(L 0 ,L 1 ) onto M(L 0 , L 1 ), so that a solution and its image by p have the same energy.
In the alternative setting, we consider the trajectories of the opposite of the gradient of the one-form ν with respect to the metric defined on Ω(L, L) by a family of compatible almost complex structures ( J t ).
Denote
with the energy defined by the same formula as above.
If v ∈ M(L, L), then again
and we define analogously the space of solutions M(x, y) and M * (x, y).
Remark 3.14.
There is also a correspondence between the two settings for the gradient trajectories. For all v ∈ M(L, L), we can associate the map v defined by v(s, t) = ϕ −1 t ( v(s, t)). Let (J t ) and ( J t ) be two families of compatible almost complex structures on
and
so that the map v → v defines a bijection between M(L, L) and M(L 0 , ϕ −1 1 (L 0 )).
Transversality and compactness
In order to define our Floer-type homology, let us check now the transversality and compactness requirements.
Transversality
We have a classical transversality result of Floer theory: Proof. It is a transversality result analogous to [5, Theorem 3.12] and it can be proved as in [7] (see also [16] ).
Remark 3.16. In the case of the alternative setting, a one-form α + dH t being given, there exists a generic Hamiltonian h t (with compact support) such that, if (ψ t ) is the symplectic isotopy spanned by α + dH t + dh t , then L and ψ 1 (L) are transverse. Using the correspondence 3.14, we are then able to deduce from Theorem 3.15 that the spaces M(x, y) are submanifolds for a generic choice of family of compatible almost complex structure.
Compactness
Let x and y be two intersection points of L 0 and L 1 and let A > 0. Denote by A (x, y) with a fixed index equal to I, then there exists a subsequence converging (modulo translations, i.e. in the quotient L(x, y)) to a "cusp"
In our case, the ambient symplectic manifold is the cotangent bundle of the manifold M so that no bubbling of J-holomorphic spheres occurs. 
A (x, z) of index 2, then • either there exists a sequence (σ n ) of real numbers such that a subsequence of (σ n · v n ) converges to a solution v in M * A (x, z); • or there exists a pair of sequences ((σ 1 n ), (σ 2 n )) of real numbers and a pair of solutions
, for some intersection point y, such that, for every i ∈ {1; 2}, a subsequence of (σ i n · v n ) converges to v i (in this case one says that (v n ) converges to the broken orbit (v 1 , v 2 )).
Remark 3.18. Proposition 3.17 will be used in Section 3.5 to prove the compactness of the space of trajectories. Note that statement (i) in Proposition 3.17 also holds in the case N L = 2. We will deal with the convergence of a sequence of elements of M * A (x, z) of index 2 in the case N L = 2 in the proof of Lemma 3.21. Proof of Proposition 3.17.
A (x, y) of index 1, then there exists a subsequence that converges to a ¡¡ cusp ¿¿ curve (v, w, ∅) such that
Since the area of a J-holomorphic disk w j is non-negative, the monotonicity assumption on L (the monotonicity on the disks is sufficient here) gives µ(w j ) ≥ 3. Because of (8), there is no bubbling of J-holomorphic disk (w = ∅). Moreover, the dimension of M * (x, y) is at least 1 (because of the free action of R), so that the Maslov class of a solution v i is at least 1. Hence, the collection v can only contain one element that belongs to v ∈ M * A (x, y). (ii) As in (i), no bubbling of J-holomorphic disks can occur. As a consequence, there is a subsequence converging to a broken orbit v such that
and hence v admits at most two components.
For the construction of the complex we need a homotopy lemma:
Then, for n large enough, γ n is homotopic to either γ 1 (when v = v 1 ) as a path from x to y, or to the concatenation of paths
Proof. The proof is similar to [5, Lemma 3.16] if we add the assumption on the index ensuring that no bubbling of J-holomorphic disks can occur.
The differential of the Floer complex
Let x and y be two intersection points of L 0 and L 1 . In this section, we define an incidence number [x, y].
Let L 0 (x, y) be the zero-dimensional component of L(x, y). For all z ∈ L 0 ∩ L 1 , fix a lift z ∈ T * M . For g ∈ π 1 (M ), denote by L 0 g (x, y) ⊂ L 0 (x, y) the subset of trajectories that lift to L( x g , y) (with the same notation for the action of π 1 (M ) as in Lemma 3.7).
Let us state and prove a lemma that will replace [5, Lemma 3.16] in our construction.
For all x, y in L 0 ∩L 1 and all g in π 1 (M ), the set L 0 g (x, y) is finite. If n g denotes the cardinal modulo Z/2, the number n g g belongs to the Novikov ring Λ −u .
Proof. The elements of L 0 g (x, y) are classes of solutions v which belong to the one-dimensional component of M * (x, y). We prove that these solutions all have the same energy. For that purpose, we prove that two solutions from x to y, which have the same index, and which can be both lifted to trajectories from x g to y, have the same energy.
We consider a solution
Let v 1 and v 2 be two elements of M(x, y) satisfying µ(v 1 ) = µ(v 2 ). If we denote by γ = v 2 #v 1 the concatenation of the paths v 2 and v 1 (in this order), then γ is a loop in Ω(L 0 , L 1 ) based in x (see Figure 3 .1). Note that here, we use the notation Ω(L 0 , L 1 ) for the space of paths from L 0 to L 1 which are piecewise smooth instead of just smooth as in Section 3.2. 
and thanks to the monotonicity on the loops, by Proposition 3.9,
Moreover, if the lifts of v 1 and v 2 are trajectories from x g to y, γ 0 can be lifted to a loop based in x g . Therefore, γ 0 is homotopic to the constant loop in T * M and this implies that u(γ 0 ) = 0 and γ ν = 0. We have thus proved that v 1 and v 2 have the same energy.
Assume that N L ≥ 2. We can then apply Proposition 3.17 and Remark 3.18: a sequence of solutions (v n ) between x and y of Maslov index 1 has a subsequence converging to a solution of M * (x, y). Thanks to Lemma 3.19, this solution can be lifted to a trajectory from x g to y. This means that the space L 0 g (x, y) is a compact space of dimension zero and hence it has only a finite number of elements.
For the second part of the lemma, it is enough to show that for C > 0, the set
is compact (so that it is finite). A sequence (v n ) in this space can be lifted to a sequence (v n ) in the one-dimensional component of M * (x, y). But if v 1 and v 2 are two solutions from x to y with same Maslov class, we have:
where γ denotes the concatenation v 2 #v 1 as above.
If v 1 can be lifted to a trajectory from x g1 to y and v 2 to a trajectory from x g2 to y, γ can be lifted as a path from x g2 to x g1 so that u(γ 0 ) = u(g −1 2 g 1 ) and
As a consequence, if we consider a sequence of solutions (v n ), each v n being lifted as a trajectory from x gn to y with −u(g n ) ≤ C, then:
The energy of the elements of this sequence is bounded and we can apply Proposition 3.17: (v n ) has a converging subsequence and the limit of this subsequence can be lifted to a path from x g∞ to y which satisfy:
This means that (v n ) has a converging subsequence in −u(g)≤C L 0 g (x, y) which is therefore compact.
We can now define the incidence number:
where n g (x, y) is the cardinality of L 0 g (x, y). We define the complex C ⋆ (L 0 ,L 1 , J t ) as the Λ u -vector space spanned by the intersection points of L 0 and L 1 endowed with the differential:
Proof. In order to prove the relation ∂ 2 = 0, one has to prove that for all g ∈ π 1 (M ) and all x, z ∈ L 0 ∩ L 1 , we have: y∈L0∪L1,g ′ ,g ′′ ∈π1(M),g ′ g ′′ =g n g ′ (x, y)n g ′′ (y, z) = 0.
When N L ≥ 3, this is, using Proposition 3.17 as in [5, Lemma 3.18 ], a consequence of the compactification of the one-dimensional component of L g (x, y) with broken trajectories (see figure 3 .2). This compactification is a compact 1-dimensional manifold whose boundary is Let us consider now the case N L = 2. Oh noticed in [17] that his extension of the Floer complex to the monotone case is possible under this assumption. This is also possible for the Floer-Novikov complex. Indeed, in the proof that the zero-dimensional component of L g (x, y) is compact, one only needs that N L ≥ 2 and it is then possible to define the Floer differential.
The condition N L ≥ 3 is used to avoid bubbling in the convergence of a sequence of solutions of index 2 and prove that the square of the differential is zero. Let us prove that this is also true for N L = 2.
The only sequences for which the bubbling of a J-holomorphic disk can occur are sequences of solutions from an intersection point x to itself that have Maslov index 2. Then the "bubble" also has Maslov index 2.
In this case, it is possible to compactify the one-dimensional component of L g (x, x) by adding to the broken trajectories the pairs formed by a constant trajectory and a J-holomorphic disk with boundary either on L 0 or L 1 (this is similar to [17] ).
Note also that only a sequence of solutions that can be lifted to paths from x to x can converge to a J-holomorphic disk, so that this type of compactification is only needed for L e (x, x) , where e is the identity element of π 1 (M ). Hence (9) holds also for g = e with the previous type of compactification.
When g = e, we have as in [17] ,
where Φ Li (x) is the number (modulo 2) of J-holomorphic disks with Maslov index 2 with boundary on L i and that pass through the point x.
Here we
x disk with boundary on L 0 disk with boundary on L 1 J holomorphic strips use that Φ Li (x) is preserved under symplectic isotopies (in [17] , Oh uses only Hamiltonian isotopies but the proof is similar with symplectic isotopies) to see that Φ L0 (x) + Φ Li (x) = 0 mod 2. Therefore, ∂ • ∂ = 0 even in the case N L = 2.
Remark 3.22. One can define the same way a complex C ⋆ (L, ϕ t , J t ) spanned by the zeros of the one-form ν and define a differential using the spaces M(x, y). By the correspondence 3.14, the Λ u -complexes C ⋆ (L, ϕ t , J t ) and C ⋆ (L 0 , ϕ 1 −1 (L 0 ), J t ) are isomorphic.
Hamiltonian invariance
Denote H ⋆ (L 0 ,L 1 , J t ) the homology of the complex C ⋆ (L 0 ,L 1 , J t ) defined in Section 3.5. We have assumed that L 1 = ϕ 1 (L 0 ) where the isotopy (ϕ t ) is supposed to be spanned by α + dH t with α a closed one-form on M and H a Hamiltonian with compact support on T * M × [0, 1].
We now prove that this homology does not depend on the generic choice of the pair (J t , H t ). For that purpose, we will use the "alternative" setting and the complex C ⋆ (L, ϕ t , J t ). We denote by H ⋆ (L, ϕ α+dHt
Consider the space
An element v of this space converges to a zero x of the one-form ν when s goes to −∞ and to a zero y of the one-form ν ′ (which corresponds to the Hamiltonian H ′ t ) when s goes to +∞. As in Theorem 3.13, we have:
where x (respectively y) are the zeros of the one-form ν (respectively ν ′ ).
We also have a transversality result for these spaces: for a generic choice of the pair (H s,t , J s,t ), the spaces M H (s,t) ,J (s,t) (x, y) are manifolds of local dimension given by the Maslov index of a solution.
We also need a compactness result: 
Proof. The proof is standard since no bubbling occurs in dimension 0 (see e.g. [5, Lemma 3.22] ).
As before, we fix a lift x in T * M for every zero x of the one-form ν and a lift y for every zero y of the one-form ν ′ (remember that the zeros of ν are flow trajectories beginning on L and ending on L). Consider for all g of π 1 (M ) and all zeros x and y of ν and ν ′ respectively, the space M g,s (x, y) ⊂ M H (s,t) ,J (s,t) (x, y) of solutions that can be lifted to T * M in paths from x g to y. We show that: Proof of Proposition 3.25. Here again, we adapt the proof of [5] (see also [12] ). We do not have a primitive of ν but it is possible to bound from above the difference of the energy of two solutions by a constant independent of the solutions. Consider the norm defined by the compatible metric ω M ( · , J (s,t) ·). The energy of a solution v of M H (s,t) ,J (s,t) (L) can be written: Suppose that w has been chosen in such a way that it can be lifted to a path joining y and z 0 .
We prove
where
We have:
Now, let v 1 and v 2 be two elements of M g,s (x, y). From (10), we have:
As
has compact support, there exists a constant C 2 ≥ 0 that does not depend on the v i (i = 1, 2) such that
Moreover, if γ is a loop (based in x) of M(L, L) obtained by concatenation of the paths v 2 #w and v 1 #w, then by the monotonicity condition (and Formula (6))
The paths v 1 and v 2 belong to M g,s (x, y), so that γ can be lifted to a path from x g to x g . The path γ 0 is then homotopic to the constant path and we obtain the inequality:
This proves that if we fix an element v 0 in M g,s (x, y), then for all v in The space M 0 g,s (x, y) is thus finite and we can define the morphism of complexes
where m g (x, y) is the cardinality of M 0 g,s (x, y) modulo 2. In order to check that the coefficients belong to Λ u , we use the computations in the proof of 3.25 but this time with v 1 in M g1,s (x, y) and v 2 in M g2,s (x, y) for two elements g 1 and g 2 of π 1 (M ). The loop γ can then be lifted to a path from x g2 to x g1 so that u(γ 0 ) = u(g −1 2 g 1 ) = −u(g 2 ) + u(g 1 ) and
If v 0 is a fixed element of M g0,s (x, y), we have for all v of M g,s (x, y) with u(g) < C,
and this implies that
,J (s,t) (x, y; A) for some positive constant A, so that this union is finite.
We use the usual methods of Floer theory to finish the proof of the theorem:
• The fact that Ψ ⋆ commutes with the differentials comes from the study of the compactification with the help of broken trajectories of the 1-dimensionnal component of M H (s,t) ,J (s,t) (x, y).
• The map Ψ ⋆ induces an isomorphism in homology: to prove this, it is enough to consider the morphism defined analogously between C ⋆ (L, ϕ α+dH ′ and to show that the composition of these morphisms are homotopic to the identity.
Notation 3.27. By Theorem 3.23, the homology of the complex C ⋆ (L, ϕ t , J t ) only depends on the flux u of the symplectic isotopy (ϕ t ). Hence we will denote its homology by F H(L, u) in the following.
Floer-Novikov complex over Λ f ⋆ u
Thanks to Lemmata 3.20, 3.21 and 3.19, one can apply [5, Proposition 3 .25] and define a Λ f ⋆ u -complex C ⋆ (L, ϕ t , J t ) spanned by the intersection points of L and
where for any h ∈ π 1 (L), # 2 L h (x, y) is the set of paths in L from x to y which lift to the universal covering L of L to paths from h x to y. One can prove as in Section 3.6 that the homology of this complex does not depend on the generic choice of the pair (J t , H t ). We will denote this homology F H(L, u).
Floer homology and Novikov theory
In this section, we prove Theorem 1.4 of the introduction. We deduce this theorem from an analogous result which relates F H(L, u) and the Novikov homology H(L, f ⋆ u) of L associated to f ⋆ u and the coveringL → L (defined in Lemma 3.7 as the pull-back of the covering T * M → T * M , see also Remark 2.4).
Relation between F H(L, u) and H(L, f ⋆ u)
We first prove that the Floer-Novikov homology F H(L, u) is invariant by small rescaling of u: In the monotone case, we cannot use this result on the extension of symplectic isotopies of T * L to T * M . But, what we actually need for the proof (see [5] and also [12] ) is a symplectic isotopy with the property that the projection of the flow trajectories on the base space M (and in particular the projection of the zeros of the one-form ν associated to this isotopy) lie in "small" balls.
More precisely, let α be a closed one-form in the class of u and J be a fixed compatible almost complex structure. Assume that this almost complex structure induces a complete metric g J on T * M . (i) the pair (α + dH t , J t ) satisfies the transversality assumption;
(ii) the canonical projection π of T * M maps a zero x of the one-form ν associated to the symplectic isotopy spanned by α + dH t into a ball in M centered in π(x(0)) with radius c 1 δ.
The norm ǫ is the usual norm on the Hamiltonians used in transversality results (see [7] , [12] ):
where ǫ k > 0 is a sufficiently rapidly decreasing sequence.
Proof. The symplectic isotopy ϕ α t of T * M spanned by the symplectic dual X α of α can be written: ϕ α t (p, q) = (p + tα q , q). Note that the trajectory ϕ α t (p 0 , q 0 ) of X α in T * M with initial condition the point (p 0 , q 0 ) lies in the fiber of q 0 ∈ M .
Note also that ϕ α t does not necessarily satisfy the transversality assumption between L and ϕ α 1 (L) so that it may not be possible to use this isotopy for the description of HF (L, u).
Nevertheless, by the transversality theorem (Theorem 3.15) and Remark 3.16, for every δ > 0, there exists a Hamiltonian H : [0, 1] × T * M → R with compact support and a family of almost complex structures (J t ) satisfying H t ǫ < δ and J t − J < δ and such that the pair (α + dH t , J t ) satisfies the transversality assumption.
Let ζ(t) be the trajectory of X α+dHt with initial condition the point (p 0 , q 0 ) of T * M . Denote by q(t) its image in M by the canonical projection π : T * M → M of the cotangent bundle. We have:
.
Since the isotopy ϕ α t spanned by X α satisfies: π(ϕ α t )(p, q) = q, T ζ(t) π (X α (ζ(t))) = 0, so that:
Moreover, for all z ∈ T * M , we have:
for the norm associated to the scalar product g J . Hence,
(where ǫ 1 is the first term of the sequence defining the norm ǫ ). Notice that T ζ(t) π is bounded on T * M : it is bounded on each trivialising open set for the cotangent bundle T * M → M ; the base space M being compact, it is bounded on the whole T * M . Thus, there exists a constant c 1 (which does not depend on H) such that,
and consequently, for all τ ∈ [0, 1], we have:
This means that, on [0, 1], the trajectories of X α+dHt lie in the fibers of the points of M which belongs to the ball of radius c 1 δ centered in the projection of the initial condition (see figure 4 .1). Let V i be a neighbourhood of each trajectory x i such that the projection of V i is contained in B(π(x i (0)), c 1 δ). Denote V the union of the V i . Lemma 4.3. There exists c 2 > 0 such that for all z ∈ Ω(L, L) whose image is not contained in V,
Proof. The proof is analogous to [5, Lemma 4.4] . Assume the contrary: there exists a sequence (z n ) ∈ Ω(L, L) of paths whose images are not contained in V such that lim n→+∞ z ′ n (t) − X α+dHt (z n (t)) L 2 = 0
One has then to prove that this sequence admits a subsequence converging to a zero of ν. This contradicts the fact that the images of the z n 's are not contained in V.
We can now choose δ > 0 small enough so that there exists a closed one-form η ∈ u such that η = 0 on i B(π(x i (0)), c 1 δ).
We also fix ε > 0 such that ε η < c 2 /3. In particular, the one-form (still denoted η) lifted to T * M is zero on V, a property that we need in the computations (see Proposition 4.4, and also [5] , [12] ). Choose a real number σ < ε and consider the isotopy ϕ α+ση+dHt t spanned by X α+ση+dHt . The constant ε is chosen small enough so that ϕ α+ση+dHt 1 (L) is transverse to L.
Applying the transversality theorem 3.15 to α + ση + dH t , we deduce the existence of a compatible almost complex structure J ′ t such that J ′ t − J < δ and such that the pair (α + ση + dH t , J ′ t ) satisfies the transversality assumption. Since Λ u = Λ τ u for all τ > 0, we can define the Λ u -complexes
Let us prove that the homologies of this complexes are isomorphic. This will achieve the proof of Proposition 4.1.
As in Section 3.6, we define a morphism of complexes associated to a homotopy between the pairs (α + dH t , J t ) and (α + dH t + ση, J ′ t ). Let χ be a monotone increasing function on R that vanishes for s ≤ −R and is equal to 1 for s ≥ R. Let J s,t be a homotopy of compatible almost complex structures such that J s,t = J t for s ≤ −R, J s,t = J ′ t for s ≥ R and J s,t − J < δ. The homotopy is defined as: (v) = 0 (12) such that v(s, i) ∈ L for i = 0, 1. These solutions converge to an orbit of X α+dHt (respectively of X α+ση+dHt ) when s goes to −∞ (respectively +∞).
We define as in the previous sections the spaces M χ,J (s,t) (x, y) of solutions between two orbits x and y. By transversality, these spaces are manifolds the local dimension of which is given by the Maslov class.
Let M g,s (x, y) ⊂ M χ,Js,t (x, y) be the space of solutions that can be lifted to T * M in paths from x g to y (for fixed lifts x and y). In the following, we prove that the zero-dimensional component of M g,s (x, y) is compact, so that we can define a morphism
where m g (x, y) is the cardinality (modulo 2) of the space M 0 g,s (x, y).
We prove now the compactness of M 0 g,s (x, y) and we check that We have:
We prove that:
1) for any s ∈ R,
2) for any s ∈ R,
Using 1) and 2), we will deduce that
and use this inequality to achieve the proof of Proposition 4.4.
Proof of 1):
If v is an element of M g,s (x, y), we have: 
• Assume firstly that v(s, ·) takes values in V. Since η vanishes on this neighbourhood of the zeros, we have: We can assume that δ < 2/3, so that:
• If v(s, ·) does not take its values in V, by the same argument as in [5] and using Lemma 4.3, we also have in this case that:
if we choose δ small enough.
Proof of 2): We use the relation (16):
We distinguish again the two cases:
• either v 2 (s, ·) takes its values in V, so that we have:
• or v 2 (s, ·) does not take all its values in V and we use Lemma 4.3. Firstly, we have:
By a consequence of Lemma 4.3 (see [5] ):
In both cases, we have (14) and by integration:
To prove (15) , we use that
is the value of the one-form ν on the loop γ based in x. Thanks to (6) , this term is equal to u(γ 0 ) if the two solutions have the same Maslov class.
By assumption, v 1 and v 2 can be lifted to paths between x g and y, the loop γ 0 is homotopic to the constant loop based in x.
We thus have, fixing an element v 0 in M I g,s (x, y), for all v of M I g,s (x, y),
To end the proof of Proposition 4.4, we choose A = 5E(v 0 ).
Looking at the proof of Proposition 4.4, we see that the sum
Indeed, if v 1 can be now lifted as a path from x g1 to y and v 2 as a path from x g2 to y, we have u(γ 0 ) = u(g 1 ) − u(g 2 ), so that (15) becomes:
This implies that if v 0 is a fixed element of M g0,s (x, y), we have then for all v of M g,s (x, y) with u(g) < C,
and this prove that
for the positive constant A = 3(C − u(g 0 )) + 5E(v 0 )).
The map Γ ⋆ is a morphism of complexes. This is a consequence of the compactification of the one-dimensional component of M g,s (x, y) by broken trajectories (v 1 , v 2 ), where • one of the v i 's satisfies (12) ;
• the other is solution of the Floer equation corresponding to (α + dH t , J t ) or (α + dH t + ση, J ′ t ).
As in Theorem 3.23, we use the usual methods of Floer theory to prove that the morphism of complexes Γ ⋆ that induces an isomorphism in homology. Now, we prove that, with an additional assumption on the Maslov number of L, for σ small enough, F H(L, σu) is the Novikov homology of L associated to f ⋆ u and the coveringL → L. Then there exists ε > 0 (depending on u) such that for all real number σ satisfying |σ| < ε, F H(L, σu) ≃ H(L, f ⋆ u).
Proof. We begin (as in [5] ) by substituting in the proof of Proposition 4.1 the one-form α ∈ u by an exact one-form dg where g : M → R. For σ small enough, we obtain a morphism of Λ u -complexes:
which induces an isomorphism in homology. The first complex is a Λ-complex whose coefficients have been extended to Λ u . There is a natural isomorphism
By Hamiltonian invariance, we know that the homotopy type of the complex C ⋆ (L, ϕ dg+dHt t , J t ) does not depend on a regular choice of the pair (H 0 t , J 0 t ). In order to define an isomorphism between F H(L, σu) and H ⋆ (L, u), we use an other choice of Hamiltonian. For that purpose, in the monotone case, we need to adapt a construction of Oh ([18] ). We consider a local Floer homology, namely the Floer homology in a Darboux neighbourhood U of L in T * M . Considering U as the neighbourhood of the zero section in T * L, we can define the Hamiltonian H = h • π L on U, where h is a Morse function on L and π L : T * L → L is the canonical projection of the cotangent.
If h is small enough (in the C 2 -topology) and if its gradient for a metric on L is Morse-Smale, the local Floer complex is spanned by the intersection points of L and its displacement L + dh and we have a bijection between the J-holomorphic strips of the Floer homology and the trajectories of the gradient of h which define the Morse differential.
To go back to T * M , it is then enough to extend the Hamiltonian H to T * M (setting H = 0 outside a neighbourhood containing U). Oh has proved that under the assumption that L is monotone (on the disks) in T * M and N L ≥ dim(M ) + 2, a Floer trajectory in T * M stays in the Darboux neighbourhood and hence the trajectories that define the "global" Floer differential are those that were already counted in the local differential.
The end of the proof is similar to [5] . The Novikov ring which defines the Novikov homology associated to f ⋆ u and the coveringL → L is Λ u , so that the Morse complex above is exactly C ⋆ (L → L, h, ξ). The Λ u -complexes If we only assume that N L ≥ 2, we do not necessarily have an isomorphism between the Floer homology and the Novikov homology of L. This is also the case in usual Floer theory, but we have the spectral sequence described by Biran in [3] to relate it to the singular homology of the Lagrangian submanifold. We can also define in the monotone case a spectral sequence whose first page is the Novikov homology of L and that converges to the Floer-Novikov homology. The following theorem gives a precise description of this spectral sequence.
LetĀ be the Λ u -moduleĀ = Λ u [T, T −1 ] of Laurent polynomials with coefficients in Λ u . Let τ i :Ā →Ā be the multiplication by T i . We define the degree of T to be N L . ThenĀ = i∈ZĀ i ,
Theorem 4.7. There exists a spectral sequence {E p,q r , d r } satisfying the following properties:
is induced by ∂ 1 ;
( Proof. In order to describe the spectral sequence, we look at the proof of Proposition 4.5 and the Hamiltonian H defined with the C 2 -small function h. We suppose, as in [3] , that h has exactly one relative minimum x 0 and we use x 0 as base point for the Floer complex so that we can fix the grading by Z/N L . As we have the decomposition (see [18] ):
Moreover, by the index computations of [18] ,
The differential ∂ 0 counts the trajectories that stay in the neighbourhood U, it corresponds to the differential of the local Floer homology and as before, the homology of the complex (C ⋆ (L, f ⋆ u), ∂ 0 ) can be identified to the Novikov homology H(L, f ⋆ u). The other operators ∂ 1 , . . . , ∂ κ count the trajectories that leave the neighbourhood U.
In order to define and prove the properties of the spectral sequence, it suffices to substitute the coefficients in Z/2 in the proof of [3, Theorem 5.2] by coefficients in Λ u . When M is the total space of a fibration on the circle, Theorem 1.4 enables us to prove Theorem 1.5 in the case where f ⋆ : π 1 (L) −→ π 1 (M ) is surjective. Thanks to Remark 3.6, this will be enough to prove the theorem under the hypothesis N L ≥ dim(M ) + 1 or (N L = dim(M ) and [π 1 (M ) : π 1 (L)] is finite).
Proof of Theorem 1.5 in the case N L ≥ dim(M ) + 1.
Since the manifold M is the total space of a fibration on the circle, there exists a closed one-form α that does not vanish on M . Consider the symplectic isotopy ϕ t of T * M spanned by X α : ϕ t (p, q) = (p + tα q , q).
For T large enough, ϕ T (L) ∩ L = ∅ and without restricting generality we can assume that T = 1. Then the Floer complex defined in Section 3 is empty and the Floer homology F H(L, u) is trivial.
But, as u = 0 and as f ⋆ : π 1 (L) → π 1 (M ) is surjective, f ⋆ u = 0 and by Proposition 2.5, if the presentation of the fundamental group of L satisfies p − q ≥ 2 or if the fundamental group is a free product of two non trivial groups, then H 1 (L, f ⋆ u) = 0.
If N L ≥ dim(M )+2, then by Theorem 1.4, the Floer homology of L is isomorphic to the Novikov homology H ⋆ (L, f ⋆ u) and this contradicts H 1 (L, f ⋆ u) = 0. If N L = dim(M ) + 1 ≥ 2, then the spectral sequence defined in Theorem 4.7 collapses at page κ + 1 = 2 and converges to the Floer homology of L. But for p = 0 and q = 1,
hence E 2 0,1 = H 1 (L, f ⋆ u). We get also a contradiction in this case.
Proof of Theorem 1.5 in the case N L ≥ dim(M ). We can even extend the result to the case N L = dim(M ) thanks to a property of the Novikov homology H ⋆ (L, f ⋆ u) (see Latour [11] or Levitt [13] ): since f ⋆ u = 0, there exists in the class of f ⋆ u a one-form α ′ which has no critical point of index 0 or dim(M ). In particular, the groups H 0 (L, f ⋆ u) and H dim(M) (L, f ⋆ u) are trivial. By Theorem 1.4, there exists a spectral sequence converging to the Floer homology of L and whose first page can be described with the Novikov homology of L. In the case N L = dim(M ) ≥ 2, the spectral sequence collapses at the second page, so that E 2 0,1 = H 1 (L, f ⋆ u). As before, this leads to a contradiction.
Appendix: Proof of Lemma 3.7
(i) Assume first thatL is path-connected. Choose a base point ℓ in L and let m = i(ℓ) be its image in T * M . Choose also a lift ℓ of ℓ inL. Let g be an element of π 1 (M ). AsL is path-connected, there exists a path γ from ℓ to ℓ g inL. The image (π • p • ı)( γ) of that path in M is a loop representing g and its image in L is thus a loop γ such that f ⋆ ([γ]) = g.
Conversely, assume that the map π 1 (L) → π 1 (M ) is surjective. As L is supposed to be path-connected, to prove thatL is path-connected, it is enough to prove that two points in the same fiber can be joined by a path inL. Let ℓ 1 and ℓ 2 two elements ofL in the fiber of the point ℓ of L. The two points ı( ℓ 1 ) and ı( ℓ 2 ) of T * M can be joined in T * M by a path which projection on T * M is a loop c such that ı( ℓ 2 ) = ı( ℓ 1 )
[c]
. But by assumption, the element [c] of the group π 1 (M ) has an antecedent in π 1 (L). Let γ be a loop in L based in ℓ representing this antecedent. If γ is the lift with starting point ℓ 1 of γ inL, its endpoint ℓ as image by ı, and this proves that γ is a path from ℓ 1 to ℓ 2 .
(ii) By definition,L fits into the following commutative diagram:
As T * M is simply connected, the diagram induced on the fundamental groups gives that Im(π 1 (L) → π 1 (L)) is included in K. Conversely, any loop of L whose image in M is homotopic to the constant path can be lifted to T * M in a loop ofL.
(iii) The embedding is monotone because the symplectic structure (and the Liouville form) on T * M are obtained by taking the pull-back of those of T * M .
